Rules for integrands of the form (a + b x")P

0:~I(bx")pdx

Derivation: Piecewise constant extraction

Basis: Oy ibx—x)—p -0

np
. (bxn)p o bIntPar‘t[p] (bXn)Fr‘acPar‘t[pl
BaSIS' xnpP - xn FracPart[p]
Rule 1.1.3.1.0:

bIntPart [p] (b X") FracPart[p]

JXbxwpdx —

x" FracPart[p]

Program code:

Int[(b_.*x_"n_)”p_,x_Symbol] :=
b~IntPart [p] * (bxx”n) ~FracPart[p] /x” (nxFracPart[p]) *Int[x” (nxp) ,x] /;
FreeQ[{b,n,p},x]

x"P dx



Rules for integrands of the form (a+b x”n)"p

1: j(a+bx")"d1x whenneF A %ez

Derivation: Integration by substitution

Basis: If £ ¢ Z, then Fix"] = lSubst[xi"1 FIx], X, x“] A X"
n

n

Rule1.1.3.1.1:IfneF A % € 7, then

1 1
J(a +bx")Pdx — - Subst[J‘xT:l (a+bx)Pdx, x, x"]
n

Program code:

Int[ (a_+b_.*x_"n_)"p_,x_Symbol] :=
1/n%Subst [Int [x” (1/n-1) x (a+b*x) *p,X],X,Xx*n] /;
FreeQ[{a,b,p},x] & FractionQ[n] && IntegerQ[1/n]



Rules for integrands of the form (a+b x”n)"p

2. j(a+bx")"d1x when §+peZ‘/\ p#-1

1: J(a+bx")pdx when %+p+1==0

Reference: G&R 2.110.2, CRC 88d withn (p +1) +1 ==

Derivation: Binomial recurrence 3b withm == @ and %

Rule 1.1.3.1.2.1: If % +p+1==0,then

Program code:

Int[(a_+b_.*x_"n_)"p_,x_Symbol] :=
X* (a+bxx”~n)~ (p+1) /a /;
FreeQ[{a,b,n,p},x] &% EqQ[1/n+p+1,0]

2: j(a+bx")pdx when %+p+1eZ‘/\ p#-1

Reference: G&R 2.110.2, CRC 88d
Derivation: Binomial recurrence 2b

Derivation: Integration by parts

Basis: x" (a+ b Xn) P . yMm+np+n+l (a+b x")P

XN (p+1)+1
a+b x™P B (a+b xn)pP+1
Basis: [{8235 dx = - {22 oL

J(a+bx")pdlx —

Rule1.1.3.1.2.2:1f L +p+1ez A p# -1,then

+p+1=-0

X (a+bxn

a

)p+1



Rules for integrands of the form (a+b x”n)"p

x (a+bx")""" n(p+1)+1
+

J(a+bx")pdx — - J(a+bx")P+1dx

an(p+1) an(p+1)

Program code:

Int[ (a_+b_.*x_"n_)"p_,x_Symbol] :=

-X* (a+b*x”n) * (p+1) / (a*nx (p+1)) +

(n* (p+1) +1) / (a*nx (p+1) ) *Int [ (a+b*x*n) * (p+1) ,x] /;
FreeQ[{a,b,n,p},x] && ILtQ[Simplify[1/n+p+1],0] & NeQ[p,-1]

3: ~J‘(a+bx“)pdlx whenn<@ A pez

Derivation: Algebraic simplification
Basis: If p € Z,then(a + b x")P == x"P (b+ax™"™)P
Rule1.1.3.1.3:If n <@ A p € Z,then
J(a+bx")pdx - anp (b+ax™")Pdx

Program code:

Int[ (a_+b_.*x_"n_)"p_,x_Symbol] :=
Int[x” (n*p) * (b+axx” (-n))~p,x] /;
FreeQ[{a,b},x] &% LtQ[n,0] && IntegerQ[p]



Rules for integrands of the form (a+b x”n)"p

4, j(a+bx")pd1x when ne z
1. J(a+bx")pdx when nez*
1. J(a+bx")pdx whennez*A p>0

1: j(a+bx")"dlx when nez* A pez*

Derivation: Algebraic expansion
Rule1.1.3.1.4.1.1.1:If n€ Z* A p € Z*, then

j(a +bx")Pdx — JExpandIntegr‘and[ (a+bx")P?, x] dx

Program code:

Int[(a_+b_.*x_"n_)"p_,x_Symbol] :=
Int [ExpandIntegrand[ (a+bxx"n)"p,x],x] /;
FreeQ[{a,b},x] && IGtQ[n,0] && IGtQ[p,0]

2: J(a+bx")"d1x whennez*A p>0

Reference: G&R 2.110.1, CRC 88b
Derivation: Binomial recurrence 1b
Derivation: Inverted integration by parts

Note:If nez* A p >0,thennp +1 # 0.

Rule1.1.3.1.4.1.1.2:1f n€ Z* A p > 0, then



Rules for integrands of the form (a+b x”n)"p

x(a+bx")p anp

J(a+bx")pdlx — + J(a+bx")p'1dx

np+1 np+1

Program code:

Int[ (a_+b_.*x_"n_)"p_,x_Symbol] :=
X* (a+b*x”*n) *p/ (nxp+1) +
axnxp/ (nxp+1) *Int[ (a+b*x”*n)~ (p-1) ,x] /;
FreeQ[{a,b},x] && IGtQ[n,0] && GtQ[p,0] &&
(IntegerQ[z*p] || EqQ[n,2] && IntegerQ[4xp] || EqQ[n,2] &% IntegerQ[3xp] || LtQ[Denominator[p+1/n],Denominator[p]])

2. J(a+bx")pdx when nez* A p< -1

1
1. |——————dxwhena¢t@e A 250
(a+bx2) :

1
1: ——  _dxwhena>0 A 2>0
(a+bx2)5/4 @

Contributed by Martin Welz on 7 August 2016

Rule1.1.3.1.4.1.2.1.1:1f a >0 A g > 0, then

1 2 . 1 [ b
Jﬁ dx —» — E111pt1cE[— Ar‘cTan[ - x] 5 2]
(a+bx?) ssa \/? 2 a
a

Program code:

Int[1/ (a_+b_.*x_"2)~(5/4) ,x_Symbol] :=
2/ (a~(5/4) xRt[b/a,2]) xE1lipticE[1/2xArcTan[Rt[b/a,2]*x],2] /;
FreeQ[{a,b},x] && GtQ[a,0] && PosQ[b/a]



Rules for integrands of the form (a+b x”n)"p

1
2: [ —————dxwhenato A 250
(a+bx2)5/4 @

Derivation: Piecewise constant extraction

[ | b2\ 1/4
. 1+~
Basis: Oy j—aL ==

(arbx2) 4

Rule1.1.3.1.4.1.2.1.2:1f a ¢+ @ A g > 0, then

1 (1+bai)1/4 1
(a+bx2)5/4 dx — a(a+bx2)1/4 bx2\5/4 dx
(1+ T)

Program code:

Int[1/(a_+b_.*x_~2)~(5/4),x_Symbol] :=
(1+b%x"2/a) ~ (1/4) / (a* (a+bxx"2) A (1/4) ) *Int [1/ (1+bxx*2/a)~ (5/4) ,x] /;
FreeQ[{a,b},x] && PosQ[a] && PosQ[b/a]

1
2: de}x
a+bx

Derivation: Piecewise constant extraction and integration by substitution

HP. 1
Basis: Ox 6] () =0
a+b x?
( N )2/3 1 X X
Basis: —2X~— -- Subst { ——=, X
a+b x2 (1—bx2)1/3’ > Ja+bx2 X Ja+bx?

Rule1.1.3.1.4.1.2.2:

a 2/3
1 d 1 (a+bx2) d
2\7/6 X = 2\2/3 a 2/3 X
(a+bx2) (a+bx)*? (25)* | Vazbe



Rules for integrands of the form (a+b x”n)"p

- z/]; 2/3 SUbSt[j - 1/3 ax, x, - ]
(a+bx*)™" (55) (1-bx?) Vas+bx?

Program code:

Int[1/ (a_+b_.xx_72)~(7/6),x_Symbol] :=
1/ ((a +bxx"2)~(2/3) % (a/ (a+b*x"2) )~ (2/3)) *Subst[Int[1/ (1-bxx"*2)~(1/3),x],X,x/Sqrt[a+bxx"*2]] /;
FreeQ[{a,b},x]

3: J(a+bx")pd1x when nez* A p<-1

Reference: G&R 2.110.2, CRC 88d
Derivation: Binomial recurrence 2b

Derivation: Integration by parts

Basis: (@ + b x")P == x" (P+1)+1 (azbx)?

XN (p+1) +1
a+b x _ (a+b xn)pP+1
Basis: P—LM dx = - 22X ey

Rule1.1.3.1.4.1.23:1f n€ Z* A p < -1, then

x(a+bx")p+1 n(p+1) +1
+

J(a+bx")pdx — - J(a+bx")p+1dlx

an (p+1) an (p+1)

Program code:

Int[(a_+b_.*x_"n_)"p_,x_Symbol] :=
-X* (a+bxx”~n) ~ (p+1) / (axn*x (p+1)) +
(n* (p+1) +1) / (a*n* (p+1) ) *Int [ (a+b*x*n) ~ (p+1) ,x] /;
FreeQ[{a,b},x] && IGtQ[n,0] &% LtQ[p,-1] &&
(Integer‘Q[Z*p] || n=2 & IntegerQ[4xp] || n=2 && IntegerQ[3xp] || Denominator‘[p+1/n]<Denominator‘[p])



Rules for integrands of the form (a+b x”n)"p

1
3. J- dx when nez*
a+bx"

1 n-1
1. J dx when = e z*
a+bx" 2

1
1:j dx
a+bx3

Reference: G&R 2.126.1.2, CRC 74

Derivation: Algebraic expansion

. 1/3_p1/3
Basis: 1 _ 1 " 2a X
as S a+b X3 3 a2/3 <a1/3+b1/3 X) 3 a2/3 <a2/37a1/3 b1/3 X+b2/3 X2>

Rule1.1.3.1.4.1.3.1.1:

1 1 1 1 2al/3 - b3 x
dx — dx + dx
a+b X3 3 a2/3 al/3 + b1/3 X 3 aZ/3 a2/3 _ a1/3 b1/3 X + b2/3 XZ

Program code:

Int[1/ (a_+b_.*x_"3),x_Symbol] :=

1/ (3*Rt[a,3]"2) xInt[1/ (Rt[a,3]+Rt[b,3]*x),x] +

1/ (3*Rt[a,3]72) *Int[ (2xRt[a,3]-Rt[b,3]*x) / (Rt[a,3]~2-Rt[a,3] xRt [b,3] *x+Rt [b,3]42xx"2),x] /;
FreeQ[{a,b},x]



Rules for integrands of the form (a+b x”n)"p

1
x.f dx
a+bx®

1 a
1:j dx when =>0
a+bx® b

Derivation: Algebraic expansion

Basis: If & = (9)1/5 then —1— == r N 2r (r-g (15 ) sx] . 2r (r-1 (14/5) sx)
. S b ) a+b x° 5a (r+sx) 5a (PL% (1,ﬁ> PSx+s2 X2> 53 (r\27% <1+\/?> o xeg? X2>

Note: This rule not necessary for host systems that automatically simplify Cos [ '% } to radicals when k is an integer.

Rule1.1.3.1.41.3.12.1:1f 2 > @,let £ = (2)>, then
r 1 2r r“,17(1‘\/?)5)( 2r r‘—%(1+\/?)sx
j 5dlx—>— dx + — dlx+—J dx
a+bx 5aJr+sx 5a rz—%(l—wﬁ;)rsx+szﬁ 5a P2—§(1+Nﬁ;)rsx+szﬁ

Program code:

(* Int[1/ (a_+b_.*x_"5),x_Symbol] :=
With[{r=Numerator[Rt[a/b,5]], s=Denominator[Rt[a/b,5]1},
r/ (5%a) *Int[1/ (r+s=x),x] +
2xr/ (5%a) *Int[ (r-1/4% (1-Sqrt[5]) *s*Xx) / (r*2-1/2% (1-SqQrt[5]) *r*s*Xx+s"2%xx"2) ,x] +
2xr/ (5%a) *Int[ (r-1/4+ (1+Sqrt[5]) *s*X) / (r*2-1/2% (1+Sqrt[5]) *r*s*Xx+s"2%x"2) ,Xx] ] /8
FreeQ[{a,b},x] && PosQ[a/b] =x)

10



Rules for integrands of the form (a+b x”n)"p

1 a
Z:J dx when =30
a+bx® b

Derivation: Algebraic expansion

(1-+/5 ) sx) 2r (r

N + (1+\/7)SX>
-V/5 ) rsx+s?x?) a (r2+l (1+

) rs x+s? xz)

1
er [ a\l/s 1 r : 4
Basis: If = = ( b) sthen s = sorsn * 5a (P2t 1+

Note: This rule not necessary for host systems that automatically simplify Cos [ '% } to radicals when k is an integer.

Rule1.1.3.1.4.1.3.1.2.2:1f 2 » @,let © = (-2} then
2p r‘+%(1—\/?)sx 2p r‘+—(1+\/?)sx

1 r 1
J 5dlx—»— dx + — dx + — dx
a+bx 5aJr-sx 5a r‘2+1(1—'\/5)r‘sx+szx2 5a r'+—(1+\/5)r'sx+szx2

Program code:

(* Int[1/ (a_+b_.*x_~5),x_Symbol] :=
With[{r=Numerator[Rt[-a/b,5]], s=Denominator[Rt[-a/b,5]1},
r/ (5%a) *Int[1/ (r-s%x),x] +
2%r/ (5%a) *Int[ (r+1/4% (1-Sqrt[5]) *s*x) / (r*2+1/2% (1-Sqrt[5]) *r*s*X+s"2xx"2) ,x] +
2xr/ (5%a) *Int[ (r+1/4% (1+Sqrt[5]) *s*X) / (r*2+1/2% (1+Sqrt[5]) *r*S*X+s"2%*x"2) ,X] ] /5
FreeQ[{a,b},x] & NegQ[a/b] =*)

11



Rules for integrands of the form (a+b x”n)"p

1 n-3
3. J dx when = e z*
a+bx" 2

1
1:j dlxwhenﬁez*/\s>0
a+bx" 2

Derivation: Algebraic expansion

n-1 (2k-1) 5t

ice |f =1 r_ (a)\l/n 1 r 2r 2 r-sCos[ 2] 2

Basis: If >* € zand £ = (b) ,then —1— - — ot e N s Cos [ BT 10t 2
n
n-3 + a r a\l/n
Rule1.1.3.1.413.13.1:1f > e z* A 2 > 0,let £ = (2)7'", then
1 " 1 ’ p = r—sCos[iL;l’—"]x
J dx — — dx + — dx
a+bx" anJr+sx an o~ r‘2—2rsCos[M]x+szx2

Program code:
Int[1/ (a_+b_.*x_"n_),x_Symbol] :=

Module [ {r=Numerator[Rt[a/b,n]], s=Denominator[Rt[a/b,n]], k, u},

u=Int[(r-s«Cos[ (2xk-1) +Pi/n]*x)/(r"2-2xr*s=Cos [ (2xk-1) xPi/n] xx+s72xx"2) ,x] ;

r/(axn) *xInt[1/ (r+s%x),x] + Dist[2xr/(axn),Sum[u, {k,1, (n—1)/2}],x]] /5
FreeQ[{a,b},x] && IGtQ[ (n-3)/2,0] && PosQ[a/b]

1 n-3 a
Z:J dx when == ezZ*A = 3%0
a+bx" 2 b
Derivation: Algebraic expansion
n-2 (2k-1)

ice |§ N=1 r_ (_a\l/n 1 r 2r v 2 r+sCos[ 2" 2

Basis: If >* € zand £ = ( b) ,then —1— = — sz an DK s cos| BENE] 5,57 72
n
n-3 + a r a)\l/n

Rule1.1.3.1.413.13.2:1f > ez A 2 1 0,let & = (- E) , then



Rules for integrands of the form (a+b x”n)"p

n-1 (2k-1) =«
J 1 r 1 ZrZJ r‘+sCos[ . ]x

n - 2k-1
a+bx anJr-sx an r2+2rsCosPL7Jl]x+szﬂ

Program code:

Int[1/ (a_+b_.*x_"n_),x_Symbol] :=
Module [ {r=Numerator[Rt[-a/b,n]], s=Denominator[Rt[-a/b,n]], k, u},
u=Int[ (r+s«Cos[ (2xk-1) +Pi/n]*x)/(r"2+2xr*s»Cos [ (2xk-1) *Pi/n] xx+s72xx"2) ,x] ;
r/ (axn) *Int[1/ (r-sxx),x] + Dist[2xr/ (axn),Sum[u, {k,1, (n-1) /2}],x]] /5
FreeQ[{a,b},x] && IGtQ[ (n-3)/2,0] &% NegQ[a/b]

dx

13



Rules for integrands of the form (a+b x”n)"p

1 n
2. j dx when = ez*
a+bx" 2

1 n+2
1. J dx when ezZ*
a+bx" 4

1
1. J~ dx
a+bx?

1 a
1:j dx when = >0
a+bx? b

Reference: G&R 2.124.1a, CRC 60, A&S 3.3.21

Derivation: Primitive rule

1
1+22

Basis: ArcTan’ [z] ==

Rule1.1.3.1.4.1.3.2.1.1.1: If % > 0, then

1
a+bx?

Program code:

Int[1/ (a_+b_.*x_"2),x_Symbol] :=
1/ (Rt[a,2]*Rt[b,2]) *ArcTan[Rt[b,2] *x/Rt[a,2]] /;
FreeQ[{a,b},x] && PosQ[a/b] && (GtQ[a,0] || GtQ[b,0])

Int[1/ (a_+b_.*x_"2),x_Symbol] :=
-1/ (Rt[-a,2] *Rt[-b,2]) *ArcTan[Rt[-b,2] *xx/Rt[-a,2]] /;
FreeQ[{a,b},x] && PosQ[a/b] && (LtQ[a,0] || LtQ[b,0])

Int[1/ (a_+b_.*x_"2),x_Symbol] :=
(*Rt[b/a,2]/bxArcTan[Rt[b/a,2]*x] /; *)
Rt[a/b,2] /a*xArcTan[x/Rt[a/b,2]] /;

FreeQ[{a,b},x] && PosQ[a/b]

dx —

a

a
b

Ar-cTan[

o o

14



Rules for integrands of the form (a+b x”n)"p

1 a
Z:J dx when =360
a+bx? b

Reference: G&R 2.124.1b', CRC 61b, A&S 3.3.23

Derivation: Primitive rule

1
1-22

Basis: ArcTanh’ [z] ==

Rule1.1.3.1.4.1.3.2.1.1.2: If % ¥ 0, then

1
a+bx

Program code:

Int[1/ (a_+b_.*x_"2),x_Symbol] :=
1/ (Rt[a,2] *xRt[-b,2]) *ArcTanh[Rt[-b,2] xx/Rt[a,2]] /;
FreeQ[{a,b},x] && NegQ[a/b] && (GtQ[a,0] || LtQ[b,0])

Int[1/ (a_+b_.*x_"2),x_Symbol] :=
-1/ (Rt[-a,2]*Rt[b,2]) *ArcTanh[Rt[b,2] *xx/Rt[-a,2]] /;
FreeQ[{a,b},x] && NegQ[a/b] && (LtQ[a,0] || GtQ[b,0])

Int[1/ (a_+b_.*x_"2),x_Symbol] :=
(»-Rt[-b/a,2] /bxArcTanh[Rt[-b/a,2]xx] /; =*)

Rt[-a/b,2] /a*ArcTanh[x/Rt[-a/b,2]] /;
FreeQ[{a,b},x] && NegQ[a/b]

dx —

a

a
b

ArcTanh[

X

a
b

]

15



Rules for integrands of the form (a+b x”n)"p 16

1 n-2
2. J dx when == e z*
a+bx" 4

1
1:J dx when 22 ez*A 250
a+bx" 4 b
Derivation: Algebraic expansion
n-2 2 (2k-1)

Basis: If 2 ¢ Zzand © = <é)1/” then —%— == 21 ¢ AL rtstcos| P A 2

. 4 S b ’ a+b z" an (r.2+52 22> an k=1 2 _5 2 2 Cos{ﬂz'(—’lﬁ} 22,64 24

n

Basis: r2-s?Cos[20] z? 1 ( r-s Cos[6] z N r+s Cos[6] z )

"rf-2r2s2Cos[26] z2+s*z* 2r \r2-2rscCos[6] z+s? z? r2+2rsCos[6] z+s? z2

Rule11.3.14.13212.L:1f22 cz* A 2 > 0,let = = (2)*'" then

n-2 2 _ 2 2(2k-1) n 2
1 2 2 1 4 2 r<-s Cos[ . X
n -
a+bx an Jrf+s®x an = r4—2r252Cos[242le)—"]x2+s4x4
2 2 1 20 = r—sCos[M]x r+sCos[12k—'1)—"]x
n n
an Jro+s°x an,; r‘Z—ZPSCOS[lL;l)—"]X+SZX2 r‘2+2r‘sCos[iL;1)—"]x+szx2

Program code:

Int[1/ (a_+b_.*x_"n_),x_Symbol] :=
Module [ {r=Numerator[Rt[a/b,n]], s=Denominator[Rt[a/b,n]], k, u, v},
u=Int[ (r-s«Cos[ (2+k-1) xPi/n]+x) / (r"2-24r«s«Cos [ (2xk-1) #Pi/n] xx+s"24x"2) ,x] +
Int [ (r‘+S*COS [ (2xk-1) *P:i./n] *x)/(r"2+2*r‘*s*Cos [ (2xk-1) *P:i./n] *x+s"2*x"2) ,x] 8
2%r”~2/ (axn) *Int[1/ (r*2+s”2%x"2) ,x] + Dist[2%r/(axn),Sum[u, {k,1, (n-2) /4}],x]] /3
FreeQ[{a,b},x] && IGtQ[ (n-2)/4,0] && PosQ[a/b]



Rules for integrands of the form (a+b x”n)"p

1
Z:J dx when =2 ez*A 230
a+bx" 4 b

Derivation: Algebraic expansion

n-2 2_¢c2 4kn 2
fc. 1§ N=2 ro_ < a)l/n 1 2 r? 4r?2 2 r2-s?Cos[* "]
. - - - - + =
BaS|S |f 4 € Z and s b ,then a+tb z" an <r2752 22) an Zkfl r,472 I"Z SZ COS{“EF} ZZ+S4 Z4
Basis: r’-s?Cos[20] z? . 1 ( r-sCos[8] z n r+s Cos[6] z )
" r4-2r2s2Cos[26] z%2+s*z* 2r \r2-2rsCos[6] z+s? 2?2 r2+2rsCos[O] z+s? z?

Rule1.1.3.1.4.1.32.1.2.2:1f 22 72* A 2 3 @,let = = (- 2)"" then

b
n-2 2 _ 2 4k 2
1 2 2 1 4 2 r sCos[—n X
dx — — ﬁdlx*-_ dx
n
a+bx an Jr?-s?x an 7' | r4_2r2s2Cos 4:—"]x2+s“x4

2k

n- 2k
2 p2 1 2r — r‘—sCos[n X r +sCos n]x
an Jri-s°x ania r2-2rscCos —Z'r“"]x+szx2 r'2+2r'sCos[—2:’r X + 52 x?

Program code:

Int[1/ (a_+b_.*x_"n_),x_Symbol] :=
Module [ {r=Numerator[Rt[-a/b,n]], s=Denominator[Rt[-a/b,n]], k, u},
u=Int[(r-s«Cos[ (2xkxPi) /n]*x)/(rr2-2xrxs=Cos[ (2xk+Pi) /n] xx+s72xx"2) ,x] +
Int[ (r+s«Cos[ (2xk#Pi) /n]#x)/(r"2+2xrxs«Cos[ (2+¢k#Pi) /n]+x+s72xx"2),x] ;
2xr”2/ (axn) *Int[1/ (r*2-s"2xx"2) ,x] + Dist[z*r/(a*n),Sum[u,{k,l,(n-2)/4}],x]] /5
FreeQ[{a,b},x] && IGtQ[ (n-2)/4,0] && NegQ[a/b]



Rules for integrands of the form (a+b x”n)"p

1 n
2. j dx when - ez*
a+bx" 4

1
1.j dx
a+bx?

1 a
1:J dx when =>0
a+bx? b

Derivation: Algebraic expansion

1 _ r-s x2 r+s x2
a+b x4 2r <a+bx4) 2r (a+bx4)

Basis: If & = ./ 2 | then
s b
Note: Resulting integrands are of the form 222 where c d* - a e? == @ as required by the algebraic trinomial rules.

Rule1.1.3.1.4.1.3.2.2.1.1: If % > 0, let 2 =

dx

dx — — dx + —

1 1 r-sx? 1 r+sx?
ja+bx4 2r Ja+bx* 2r Ja+bx*

Program code:

Int[1/ (a_+b_.*x_"4),x_Symbol] :=
With[{r=Numerator[Rt[a/b,2]], s=Denominator[Rt[a/b,2]]},
1/ (2*r) *Int[ (r-s*x"2) / (a+bx*x*4) ,x] + 1/ (2*r) *Int[ (r+s*x"2)/ (a+bxx"4),x] ] /5
FreeQ[{a,b},x] & (GtQ[a/b,@] || PosQ[a/b] & AtomQ[SplitProduct[SumBaseQ,a]] && AtomQ[SplitProduct[SumBaseQ,b]])
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Rules for integrands of the form (a+b x”n)"p

1 a
Z:J dlxwhengie
a+bx*

Reference: G&R 2.132.1.2', CRC 78"

Derivation: Algebraic expansion

tee r _ _a 1 L r r
Basis: Let s b , then a+tbz2 ~ 2a (r-sz) * 23 (r+s z)
Rule1.1.3.1.4.1.3.2.2.1.2: If % ¥ 0, let 5 = - % , then

1 r 1
J dx — —
a+bx* 2aJr-sx?
Program code:

Int[1/ (a_+b_.*x_"4),x_Symbol] :=
With[{r=Numerator[Rt[-a/b,2]], s=Denominator[Rt[-a/b,2]1},
r/ (2xa) *Int[1/ (r-s*x”2),x] + r/(2*a)*Int[1/ (r+s*x"2),x] ] /5

FreeQ[{a,b},x] && Not[GtQ[a/b,0]]

1 n
2.j dx when - -1€ez*
a+bx" 4

1 n a
1:J‘ dlxwhenz-lezw\ ;>0
a+bx"

Reference: G&R 2.132.1.1', CRC 77"

Derivation: Algebraic expansion

dx + —

r 1

dx
2aJr+sx?

r (\/7 r+sz)

Basis: If © = (2)Y% then -1 - r (V2 r-sz)
asis:Ir ¢ (b) » the a+b z* 2+/2 a (r?-v/2 rsz+s?z?)

Rule1.1.3.1.4.1.3.2.2.2.1: If% eZ"An>4 A % > 0, let ? = (

+
2/2 a (r‘2+\/7r‘sz+s2 22)

2 ) 174 then
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Rules for integrands of the form (a+b x”n)"p

J- 1 r V2 r-sx"4 r J V2 r+sx"4

dx — dx +
r2+vV2 rsx"%+s?xn/2

a+bx" 2V2 a“ r2-V2 rsxV44s2xn/? 2V2 a

Program code:

Int[1/ (a_+b_.*x_"n_),x_Symbol] :=
With[{r=Numerator [Rt[a/b,4]], s=Denominator[Rt[a/b,4]]},
r/ (2xSqrt[2]xa) *Int[ (Sqrt[2] *r-s*x” (n/4)) / (r*2-Sqrt[2] *rxs*x” (n/4) +s”2xx”(n/2)),x] +
r'/(Z*Sqr‘t[Z]*a)*Int[(Sqr‘t[Z]*r'+s*x"(n/4))/(r"2+Sqrt[2]*r*s*x"(n/4)+s"2*x"(n/2)),x]] /5
FreeQ[{a,b},x] && IGtQ[n/4,1] && GtQ[a/b,0]

1 n a
Z:J dx when = -1e€ez* A ;}9
a+bx" 4

Reference: G&R 2.132.1.2', CRC 78'

Derivation: Algebraic expansion

L r _ _a 1 __ r r
Basis: Let s b , then a+bz2 = 2a (r-sz) *Ja (r+s z)
Rule1.1.3.1.4.1.3.2.2.2.2: |f% eZ" N % ¥ 0, let 5 = .- % , then
1 r 1 r 1
J dX —» — | ———dx+ — | ————
a+bx" 2a J r-sxv? 2a Jr+sxn?

Program code:

Int[1/ (a_+b_.*x_"n_) ,x_Symbol] :=

With[{r=Numerator[Rt[-a/b,2]], s=Denominator[Rt[-a/b,2]1},

r/(2xa) *Int[1/ (r-s*x*(n/2)),x] + r/(z*a)*Int[l/(r-+s*x"(n/2)),x]] /8
FreeQ[{a,b},x] && IGtQ[n/4,1] && Not[GtQ[a/b,0]]

dx when nez*

o [
Va+bx"

dx
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Rules for integrands of the form (a+b x”n)"p

1. j—dlx when a >0

dx whena>0 A b>0

1:j
Va+bx?

Reference: CRC 278

Derivation: Primitive rule

1

V1+z%
Rule1.1.3.1.4.1.4.1.1.1:1f a >0 A b > 0, then

Basis: ArcSinh’ [z] ==

1
JV a+bx?
Program code:

Int[1/Sqrt[a_+b_.xx_"2],x_Symbol] :=
ArcSinh[Rt[b,2]+x/Sqrt[a]]/Rt[b,2] /;
FreeQ[{a,b},x] && GtQ[a,0] && PosQ[b]

1
dx — —Ar‘cSinh[
Vb
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Rules for integrands of the form (a+b x”n)"p

1
2:J——————dwana>eAb;0

Va+bx?

Reference: G&R 2.271.4b, CRC 279, A&S 3.3.44

Derivation: Primitive rule

Basis: ArcSin’[z] == —
-z

Rule1.1.3.1.4.1.4.1.1.2:1f a >0 A b # 9, then

J‘ 1
Va+bx?

Program code:

Int[1/Sqrt[a_+b_.*x_”"2],x_Symbol] :=
ArcSin[Rt[-b,2]x/Sqrt[a]]/Rt[-b,2] /;
FreeQ[{a,b},x] && GtQ[a,0] && NegQ[b]

dx

—

Vo

Ar'cSin[

vV-b x

22



Rules for integrands of the form (a+b x”n)"p

1
2: j— dx when a3 0

Va+bx?

Reference: CRC 278"
Reference: CRC 279"

Derivation: Integration by substitution

Basis: —— -- Subst | ——, x, —= 8, —=
A\ a+b x? 1-bx \/a+b x2 \/a+b x2

Rule 1.1.3.1.4.1.4.1.2: If a » 0, then

J‘ 1
Va+bx?

Program code:

Int[1/Sqrt[a_+b_.*x_”"2],x_Symbol] :=
Subst[Int[1/ (1-bxx"2),x],X,x/Sqrt[a+bxx*2]] /;
FreeQ[{a,b},x] && Not[GtQ[a,0]]

dx — Subst[j

1
1-bx?

dx, x,

X

Va+bx? ]
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Rules for integrands of the form (a+b x”n)"p

dx when a>0

x:j
Va+bx3

Reference: G&R 3.139

Derivation: Piecewise constant extraction and integration by the Mdbius substitution

m <1+\/?+q x)z —q—( 1/*_3"3 ;
T 1/3 1+4/3 +g X -
Basis: Letq- (2)™, then O — -
BaS|S: 21 — Q311/4+—L S bst |: 1 5 X, 11+\/?\/?q X OX 11+\/\§qx
+q° x3 + +q X + +q X
(1+v/3 +ax) (hlﬁm)a V1-x? J1+(7+4 V3 x2 q q
(b 1/3
Note:If a > @ A b > 0, then AI“CSln{ fﬁ (< a)>1/3 X} is real when va+bx® is real.

Note: Although simpler than the following rule, Mathematica is unable to validate the result by differentiation.

Rule1.1.3.1.4.1.4.2.1.1:If a > 0, letq- (g)‘”’, then

1 3 3

1+ +qx
1 qx
J dx — J dx
Va+bx3 a+bx 1+ 3 +qx 143 X3
(1+\/?+qx)4
1+ 33
V2 (1+V3) (1+V3 +ax)” (13 vax)* 1 1443 -gx
— - Subst[ dx, X,
314gva+b 1+V3 +qx
qVa+bx \/_\/1+ 7+4«/_) * w4
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Rules for integrands of the form (a+b x”n)"p

'\/?(1+'\/?) (1+'\/?+qx)2 ﬁ;:—xr
—_ - EllipticF[ArcSin

314 gvVa+bx®

—1+'\/_—qx
1+\/?+qx

], -7-4v3]

Program code:

(* Int[1/Sqrt[a_+b_.xx_"3],x_Symbol] :=
With[{q=Rt[b/a,3]},
-Sqrt[2] % (1+Sqrt[3]) * (1+Sqrt[3] +q*x) *2xSqrt[ (1+q”3%xx"3) / (1+Sqrt[3] +q*x) 4]/ (3" (1/4) *q*xSqrt[a+b*xx"3]) %
EllipticF [ArcSin[ (-1+Sqrt[3]-q*Xx) / (1+Sqrt[3] +q*x) ],-7-4%Sqrt[3] ] ] /5
FreeQ[{a,b},x] && PosQ[a] =*)
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Rules for integrands of the form (a+b x”n)"p 26

1
1: j dx when a>0

Va+bx3

Reference: G&R 3.139

Derivation: Piecewise constant extraction, integration by the Mobius substitution, and piecewise constant extraction

u (1+\/?+q X)z ﬁ;ﬁ_)a
+ +q X
Basis: Let q- ()2, then & == 0
a= ()7 x Vabx
| ]
. 1 o 27/2-4/3 1 “1+4/3 —gx ~1+4/3 —gx
Basis: = - =57 Subst y X, Ox
3 1+\/?+q X 1+\/?+q X

(1+\/?+q X)Z e

EERE [ ) (a5 oe)

| ]
Basis: 0, 12X N7-4v3 ¢ g
J(l—xz) (7-4/3 +x?)

—1+\/?—(§)1/3 X
1+\/?+(§)1/3 X

Note:If a >0 A b > 0, then Ar‘cSin{ is real when va+bx® isreal.

Note:—7—4\/_::—<2+\/?)2

Warning: The result is discontinuous on the real line when x = - 225 where g (2)™”.

Rule1.1.3.1.4.1.4.2.1.1:If a > 0, letq- =~ (2)*”, then

a

(1+‘\/?+qx)2 —Lg’

1 (1+\/?+qx)‘ 1
dx — dx
Va+bx3 Va+bx3 (1+\/?+qx)2 1403 x3
(1+\/3_+qx)4



Rules for integrands of the form (a+b x”n)"p

2V2-V3'(1+V?}qxr —QEL——

314qvVa+bx3 1+V3 +qgx

(+ +qx 1 —1+\/?—qx
— - SUbSt[ dx, X, —]

(1-x?) 7-4V?+xﬂ

q' (1+C|X) 1—gx+g x2

(+ +qx) J -1+\/_-qx
— Subst[ dx, x, ——
stqarhe [ Vi V7-av3 .x 1+V3 +ax
+ +q X
\/2+ (1+qx) ERELEST R
+\/_+qx _1 -
— ( ) EllipticF[Ar‘cSin[M], —7—4\/?]
31/4qm 1+9x 1+'\/?+qX
(1+\/?+qx)2
s?-rsx+r?x?
2V2+V3 (s+rx) (o3 ) soe ) 1_V§)5+rx
— EllipticF[ArcSin[ ], -7 —4‘VG;1
314, Varbe s (serx) (1+V?)s+rx
((1+‘\/?) SH‘X)2

Program code:

(* Int[1/Sqrt[a_+b_.xx_"3],x_Symbol] :=
With[{q=Rt[a/b,3]},
2xSqrt[2+Sqrt[3]]* (q+Xx) *Sqrt[ (q*2-q*x+x"2) / ((1+Sqrt[3]) *q+x) *2]/
(372 (1/4) *Sqgrt[a+b*x"3] *Sqrt [q* (g+X) / ( (1+Sqrt[3]) *q+x) *2]) *
E1lipticF [ArcSin[ ((1-Sqrt[3])*q+x)/ ((1+Sqrt[3])«q+x)],-7-4+Sqrt[3]]] /;
FreeQ[{a,b},x] &% PosQ[a] && EqQ[b"2,1] =x)

(» Int[1/Sqrt[a_+b_.*x_"3],x_Symbol] :=
With[{q=Rt[b/a,3]},
-2%xSqrt[2+Sqrt[3]]* (1+q*X) *Sqrt[ (1-q*Xx+q*2*x"2) / (1+Sqrt[3] +q*x)*2]/
(32 (1/4) xq*xSqrt[a+bxx*3] xSqrt[ (1+q*X) / (1+Sqrt[3] +q*Xx) ~2]) *
EllipticF [ArcSin[ (-1+Sqrt[3]-qX) / (1+Sqrt[3]+q+x)],-7-4xSqrt[3]]] /;
FreeQ[{a,b},x] &% PosQ[a] =*)
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Rules for integrands of the form (a+b x”n)"p

Int[1/Sqrt[a_+b_.xx_"3],x_Symbol] :=
with[{r-=Numer-[Rt[b/a,3]], s=Denom[Rt[b/a,3]1]1},
2%Sqrt[2+Sqrt[3] ] * (S+r*X) *Sqrt[ (s*2-r+*s*X+r*2xx"2) / ((1+Sqrt[3]) *s+rxx)*2]/
(32 (1/4) *r*Sqrt[a+bxx”*3] *Sqrt[s* (s+r*x) / ((1+Sqrt[3]) *s+r*x)*2]) *
E1lipticF [ArcSin[ ((1-Sqrt[3]) »s+r=x)/ ((1+Sqrt[3]) «s+r«x)],-7-4+Sqrt[3]]] /;
FreeQ[{a,b},x] && PosQ[a]

dx when a3 0

1
2: j—
Va+bx3

Reference: G&R 3.139

Derivation: Piecewise constant extraction, integration by the Mobius substitution, and piecewise constant extraction

n (1-V3 +q x)z _ﬁ%
.. 1/3 1-4/3 +gXx .
Basis: Letaq- (%) , then Oy NET =0
|
Basis: 1 - 2N 2-/3 Subst { 1 X 1+4/3 +qx A 1+/3 +gx
’ 2 1407 53 314 ¢ 277 L1443 qx X -1+4/3 —q x
(1-V3+ax)” |- 5 ax]" J(l—xz) (1+(7-4+/3") x?)
L \/ﬁ\/h (7-4/3) x2
Basis: Oy =0
\/<1x2) (1+(7-4+/3 ) x2)
1+\/?+ ( g) 13 X

is real when va+bx® isreal.

Note:If a <@ A b < 0,thenArcSin { E ()

Warning: The result is discontinuous on the real line when x = - Y= where q (&)™

Rule1.1.3.1.4.1.4.2.1:1fa # 0, letq- £~ (2)*?, then
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Rules for integrands of the form (a+b x”n)"p 29

,\/? 1+g x3
J\ 1 5 ( +qx) (1 \/_+qx J 1 4
—dX — X
Va+bx3 Va+bX '\/_+C|X) B 1:0% X3 .
(1—\/?+qx)
2V2-v3 (1-V3 sqx)’ [~ _
( ) (1 \/_J'qx J\ 1 1+\/?+qx
—_ Subst d]X, X,
31/4 b -1 _\/__
qVa+bx3 \/ i~ 1+ 7 4\/_) ) + qx
—\, (1+qx) _1-gx+g°x°~ 2 x2
(1-V3 +ax)’ 1 1+vV3 +qx
— Subst[ dx, X, —]
. -1 -
314 qVa+bx® —FjE%;F 1/1'ﬁ‘J1+(7'4V§jX2 +V3 -qx
'\, (1+qx) 1—gx+g x?
3 +ax 1 3
— ( ) EllipticF[Ar'cSin[—+ \/_+qx ], —7+4\/?]
31/4q1/a+bx3 _ 1+9 X —1+‘\/__qx
(13 0]’
\’ 5 I"sx+r‘ X
(s+rx) ((1 \/_)s+r'x) 1+'\/?) S+IrX
— EllipticF [Arcsin[ —————], -744V3 ]
3 rVarbxe |-—Slwo (1-V3)s+rx
(1V3) s

Program code:

(* Int[1/Sqrt[a_+b_.xx_"3],x_Symbol] :=
With[{q=Rt[a/b,3]},
2xSqrt[2-Sqrt[3]]* (q+Xx) *Sqrt[ (q*2-q*x+x"2) / ((1-Sqrt[3]) *q+x) *2]/
(372 (1/4) *Sqgrt[a+bxx"3] *Sqrt[-q* (q+X) / ((1-Sqrt[3]) *q+x) 2] ) =
EllipticF [Ar‘cSin[ ((1+Sqrt[3]) *q+x) / ((1-Sqrt[3]) *q+Xx) ],-7+4*Sqrt[3] ] ] /5
FreeQ[{a,b},x] && NegQ[a] && EqQ[b"2,1] =*)



Rules for integrands of the form (a+b x”n)"p

(* Int[1/Sqrt[a_+b_.xx_"3],x_Symbol] :=

With[{q=Rt[b/a,3]},

-2%xSqrt[2-Sqrt[3]]* (1+gq*X) *Sqrt[ (1-q*x+g”*2%*x"2) / (1-Sqrt[3] +q*x)*2]/
(32 (1/4) *q*Sqrt[a+bxx”3] *Sqrt[- (1+q*X) / (1-Sqrt[3] +g*x)*2]) *
E1lipticF [ArcSin[ (1+Sqrt[3]+q#X) / (-1+Sqrt[3]-q«x)],-7+4xSqrt[3]1]] /;

FreeQ[{a,b},x] && NegQ[a] =*)

Int[1/Sqrt[a_+b_.*x_"3],x_Symbol] :=
With[{r=Numer[Rt[b/a,3]], s=Denom[Rt[b/a,3]]},
2xSqrt[2-Sqrt[3] ] * (S+r*X) *Sqrt[ (s"*2-r+*s*x+r*2xx"2) / ((1-Sqrt[3]) *s+rxx) 2]/
(32 (1/4) xrxSqrt[a+bxx*3] xSqrt[-s* (s+r*x) / ((1-Sqrt[3]) *s+rxx)~2]) *
EllipticF [ArcSin[ ((1+Sqrt[3]) *s+r*x) / ((1-Sqrt[3]) *s+rxx)],-7+4*Sqrt[3] ] ] /8
FreeQ[{a,b},x] && NegQ[a]

dx when §>0

1: J—
Va+bx?

Reference: G&R 3.166.1

Derivation: Piecewise constant extraction

- 1+02 x2 a+b x4
Basis: 0 (a0 | (1407 2)*
T v a+b x* -

Contributed by Martin Welz on 12 August 2016

Rule1.1.3.1.4.1.43.1:1f 2 > 0, letq (2)", then

(1+q2 X2) a+b x*

1 a|(1+q2)(2)2
—dx —
Va+bx* Va+bx*

(1+9*x?)

a+b x*
a (1+9*x2)?
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Rules for integrands of the form (a+b x”n)"p

2.2 a+b x*
(1+q X ) a(1+q2X2)z 1
— EllipticF [2 ArcTan[q x], —]
2qVa+bx? 2

Program code:

Int[1/Sqrt[a_+b_.xx_"4],x_Symbol] :=

With[{q=Rt[b/a,4]},

(1+9”~2%xx”2) *Sqrt [ (a+bxx”4) / (ax (1+9”2xx*2)*2) ]/ (2*xq*Sqrt[a+bxx”4]) xE11lipticF [2xArcTan[q*x],1/2] ] /3
FreeQ[{a,b},x] && PosQ[b/a]

dx when g 30

2. J-—
Va+bx*

dx when g}e/\a>e

1
1: j—
Va+bx?

Rule 1.1.3.1.4.1.4.3.2.1: If g +0 A a> 0,then

(-b) 14 x ] J _1]

1 1
f— dx —» ———— EllipticF[Ar‘cSin[
a1/4

Varbx al/t (-b)1/e

Program code:

Int[1/Sqrt[a_+b_.*x_"4],x_Symbol] :=
EllipticF[ArcSin[Rt[—b,4]*x/Rt[a,4]],—1]/(Rt[a,4]*Rt[—b,4]) /3
FreeQ[{a,b},x] && NegQ[b/a] && GtQ[a,9]
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Rules for integrands of the form (a+b x”n)"p

2: J dx whena<@ A b>60
a+bx

Reference: G&R 3.152.3+
Note: Not sure if the shorter rule is valid for all g.

Rule1.1.3.1.4.1.43.2.2:If a<0@ A b>0,letqg— vV -ab,then

a-gx? a+gq x?
a+qx? q

X 1
J— ax El1iptick [arcsin[ ——], 7]
Af 4
arbx '\/_ Va+bx* Py —q—a"quz
V-a+qx? 4' agx )
X
J— dx E111pt1cF Ar'cSm[—], —]
Va+bx* V2 V-a Va+bx? . 2
2q

Program code:

Int[1/Sqrt[a_+b_.xx_"4],x_Symbol] :=
With[{q=Rt[-axb,2]},
Sgrt[-a+q*x”2] *Sqrt[ (a+q*x”2) /q]/ (Sqrt[2] *Sqrt[-a] *Sqrt[a+bxx*4])
EllipticF[ArcSin[x/Sqrt[(a+q*xA2)/(2*q)]],1/2] /3
IntegerQ[q]l] /;
FreeQ[{a,b},x] && LtQ[a,0] && GtQ[b,0]

Int[1/Sqrt[a_+b_.xx_"4],x_Symbol] :=
With[{q=Rt[-axb,2]},
Sqgrt[ (a-q*x~2) / (a+q*x~2) ]1xSqrt[ (a+q*x”*2) /q]/ (Sqrt[2] xSqrt[a+bxx"4]xSqrt[a/ (a+q*Xx*2)]) *
EllipticF[ArcSin[x/Sqrt[(a+q=x"2)/(2xq)11,1/2]] /;
FreeQ[{a,b},x] && LtQ[a,0] && GtQ[b,0]
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Rules for integrands of the form (a+b x”n)"p

3: J dlxwhengial\aie
a+bx

Derivation: Piecewise constant extraction

4
] 1+bx

Basis: Oy m =0
a+b X

Rule1.1.3.1.4.1.4.3.2.3:If 2 S * @ A a ¥ 09, then

dx

J\\/a+bx4

Program code:

Int[1/Sqrt[a_+b_.xx_"4],x_Symbol] :=
Sqrt[1+bxx~4/a] /Sqrt[a+bxx*4] xInt[1/Sqrt[1+bxx"4/a],x] /;
FreeQ[{a,b},x] && NegQ[b/a] && Not[GtQ[a,0]]

—Je

33



Rules for integrands of the form (a+b x”n)"p 34

dx

1
4: j—
Va+bx®

Derivation: Piecewise constant extraction and integration by the substitution

4

n X (1eqx2) [ —Aeaxraxd X}ZX :
1+(1++/3 x2
Basis: Letq- (2)"?, then 6 Jo?) 0
\/m qx® (1+qx?
(1+(1+\/?) qxz)z
- qx® (1+qx?
_ (14 (173 ) )’ b [ 1 1+(1-+/3 ) gx? } 1+(1-/3) qx?
. X
Basis 31/4 Subst 2T, (1+\/?) qx2 Ox 1+ (1+\/?) q x2

—qx2+q2 x4
X <1+q XZ) (1+11+\xg) :Xz)z \W\/Z\/?+(2+\/?> x2

Rule1.1.3.1.4.1.4.4: Letq-< > (g)m, then
1 _ 1-gx*+q*x* ax’ (1+q9x?)
j " *9) | o) ar) (0 (23 ) ax)’
— dx dx
Va+bx® 3 _qxX* (1+9X) _1-gx’+@*x*
v 1
a+bx 1+ 1+\/_ qx +qx (1+(1+v_)qx)

2 2 4

(1+qxz) 1-gx°+9° x

(1+(1+\/_)qx . bt[ 1 4 1+(1—‘\/?)qx2]
o 1/4 «f 3 qx? 1+qX[ J\ | ,1+(1+\/?)qx2

2 2 4

(1+qx2) 1-gx°+g° x

(1 (1+V3 ) @) 1+ (1-V3)ax* 5,43
- EllipticF [ArcCos ], ]
237421 bx° ax2 (1+qx3) 1+ (1+\/?)qx2 4
(1+(14»‘\/?) qxz)2
X(S+PX2) s?-rs x?+r?x*
[ (2%) o)’ F(1-VE)rR L auvT
i EllipticF [Ar‘cCos[ ], ]
34 g W rx? (s+rx? S + (1+'\/?) r x2 4

(s+ (13 ) r?)?



Rules for integrands of the form (a+b x”n)"p

Program code:

Int[1/Sqrt[a_+b_.xx_"6],x_Symbol] :=
With[{r=Numer[Rt[b/a,3]], s=Denom[Rt[b/a,3]]},
X* (S+r*X"2) *SQrt[ (s"2-r+*s*x"*2+r*2xx"4) / (s+ (1+Sqrt[3]) »rxx~2)~2]/
(2%x372(1/4) *s*xSqrt[a+bxx*6] *SArt [r*Xx"2x (S+r*x"2) / (s+ (1+Sqrt[3]) *xr*x~2)*2]) =
EllipticF[ArcCos[ (s+ (1-Sqrt[3]) *xr*x"2) / (s+ (1+Sqrt[3]) *r*x"2) ], (2+Sqrt[3]) /4] ] /5
FreeQ[{a,b},x]

X

1
5: J—dl
Va+bxt
Derivation: Algebraic expansion

L (3) e 1 ()

Basis; —— --

2 +
a+b x® 2‘\/a+bx8 2'\/a+bxS
2 . . .
Note: Integrands are of the form % where b c* - a d* == @ for which there is a terminal rule.
a+b X

Rule1.1.3.1.4.1.4.5:

b 4 5 b /4 ,
1 1—(3) X 1 1+(a) X
dx — — dx + — — dx
2

1
JVa+bx8 2 Va+bx® Va+bx®

Program code:

Int[1/Sqrt[a_+b_.xx_"8],x_Symbol] :=
1/2%Int[ (1-Rt[b/a,4] *x*2) /Sqrt[a+b*x"8],Xx] +
1/2%Int[ (1+Rt[b/a,4] *x"*2) /Sqrt[a+bxx"8],x] /;
FreeQ[{a,b},x]

1
5. J‘Wdﬂx
a+bx

35



Rules for integrands of the form (a+b x”n)"p

1
1. j—dlx when a ¢ @
(a+bx2)1/4

1
1. j—dlx when a >0
(a+ bxz)l/4

1
1: —dlxwhena>0A9>0
(a+bx2) :

Reference: G&R 2.110.1, CRC 88b
Derivation: Binomial recurrence 1b

Rule1.1.3.1.4.1.5.1.1.1:1fa > © A g > 0, then

1
-J-(a+bx2)1/4 e

Program code:

Int[1/ (a_+b_.*x_"2)~(1/4),x_Symbol] :=
2+x/ (a+b*x"2) "~ (1/4) - axInt[1/ (a+bxx"2)~(5/4),x] /;
FreeQ[{a,b},x] &% GtQ[a,0] && PosQ[b/a]

2x

1

(a+bx2

)1/4_3.[(

a+bx2)5/4
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Rules for integrands of the form (a+b x”n)"p

1
2: | ————dxwhenas>o A 230
(a+bx2)1/4 a

Rule1.1.3.1.4.1.5.1.1.2:1f a >0 A g + 0, then

1 2 1 [b
——dx —» — EllipticE[—ArcSin[ - x], 2]
(a+bx2)1/4 2 a

al/4 ’ _b
a

Program code:

Int[1/ (a_+b_.*x_"2)~(1/4),x_Symbol] :=
2/(a”(1/4) *Rt[-b/a,2]) »E1lipticE[1/2+ArcSin[Rt[-b/a,2]%x],2] /;
FreeQ[{a,b},x] && GtQ[a,0] && NegQ[b/a]
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Rules for integrands of the form (a+b x”n)"p

1
2: j— dx when a £ 0
(a+bx2)1/4

Derivation: Piecewise constant extraction

[ | b2\ 1/4
. 1+~
Basis: Oy j—aL ==

(arbx2) 4

Rule 1.1.3.1.4.1.5.1.2: If a « O, then

Program code:

Int[1/ (a_+b_.*x_%2)~(1/4) ,x_Symbol] :=
(1+b*x~2/a) ~ (1/4) / (a+bxx~2)~ (1/4) *Int[1/ (1+bxx*2/a)~(1/4) ,Xx] /}
FreeQ[{a,b},x] && PosQ[a]

1
2: J— dx whenay0
(a+bx2)

Derivation: Piecewise constant extraction and integration by substitution
. 2
Basis: a, E =0

Basis; —>— .. %Subst[L, X, (a+bx2)1/4] By (a+bx2)1/4

_b (a+bx2)1/4 1<
a a

Rule1.1.3.1.4.1.5.2: If a # 0, then
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Rules for integrands of the form (a+b x”n)"p

[ bx? 2 ’ bx?
- - 2
1 a X a X
——dx — dx — —Subst[ ——dx
(a+bx?)"* X . b x .
4,—& (a+bx2)1/4 1-%
a a

Program code:

Int[1/(a_+b_.*x_"2)~(1/4),x_Symbol] :=
2+Sqrt[-bxx~2/a] / (bxx) xSubst [Int [x*2/Sqrt[1-x"4/a],X],X, (a+b*x*2)~(1/4)] /;
FreeQ[{a,b},x] && NegQ[a]

1
6. J—( 2)3/4 dx
a+bx

1
1. J—dlx when a £ ©
(a+bx2)3/4
1
1. j—dlx when a >0
(a+bx2)3/4
1 b
1: J—dlx whena>@ A >0
(a+bx2)3’/4

Contributed by Martin Welz on 7 August 2016

Rule1.1.3.1.4.1.6.1.1.1:If a >0 A g > 0, then

1 2 1 b
—dX —» — EllipticF[— ArcTan[ - x] R 2]
(a + bXZ)S/4 2 a

a3/4 ' b
a

Program code:

Int[1/(a_+b_.*x_"2)~(3/4),x_Symbol] :=
2/ (a*(3/4) *Rt[b/a,2]) xE1lipticF[1/2*ArcTan[Rt[b/a,2] *x],2] /;
FreeQ[{a,b},x] &% GtQ[a,0] && PosQ[b/a]

X, (a+ bx2)1/4]



Rules for integrands of the form (a+b x”n)"p

1
2: | —————dxwhenas>o A 230
(a+bx2)3/4 a

1 2 1 b
—_—dx - — EllipticF[— Ar‘cSin[,\' -— x] , 2]
(a+bx2)3/4 2 a

a3/4 _b
a

Rule1.1.3.1.4.1.6.1.1.2:1f a >0 A g + 0, then
Program code:

Int[1/ (a_+b_.*x_"2)"~(3/4),x_Symbol] :=
2/(a"(3/4) *Rt[-b/a,2]) *E1lipticF [1/2«ArcSin[Rt[-b/a,2]%x],2] /;
FreeQ[{a,b},x] && GtQ[a,0] && NegQ[b/a]
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Rules for integrands of the form (a+b x”n)"p

1
2: j— dx when a £ 0
(a+bx2)3/4

Derivation: Piecewise constant extraction

[ | b2\ 3/4
. 1+~
Basis: Oy j—aL ==

(arbx2)¥*

Rule 1.1.3.1.4.1.6.1.2: If a « O, then

Program code:

Int[1/ (a_+b_.*x_%2)~(3/4) ,x_Symbol] :=
(1+b*x~2/a) ~ (3/4) / (a+bxx*2)~ (3/4) *Int[1/ (1+bxx*2/a)~ (3/4),Xx] /;
FreeQ[{a,b},x] && PosQ[a]

1
2: J— dx whena<®©
(a+bx2)**

Derivation: Piecewise constant extranction and integration by substitution
. 2
Basis: a, E =0

Basis; —>— .. %Subst[;, X, (a+bx2)1/4] By (a+bx2)1/4

_b (a+bx2)3/4 1<
a a

Rule1.1.3.1.4.1.6.2: If a < 0, then
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Rules for integrands of the form (a+b x”n)"p

'_M 2 ,_ﬁ
;dlx — - X dx — —aSubst[ ;dlx, X, (a+bx2)1/4]
(a+bx2)?* X b x
1,—M (a+bx2)3/4 1ll—ﬁ
a a

Program code:

Int[1/(a_+b_.*x_"2)~(3/4),x_Symbol] :=
2+Sqrt[-bxx~2/a] / (bxx) xSubst [Int[1/Sqrt[1-x"4/a],X],X, (a+b*x*2)~(1/4)] /;
FreeQ[{a,b},x] && NegQ[a]

1
7: J(—)I/Bdlx
a+bx?

Derivation: Integration by substitution and piecewise constant extraction

Basis: 1 = 2 “’)’(‘2 Subst [ —*—, x, (a+bx2)1/3] By (a+bx2)1’3

(a+bx2)1/3 b -a+x3

Basis: o, AE

Rule1.1.3.1.4.1.7:

1 3Vbx? X 13
J\W dx — b Subst[J— dx, X, (a + sz) ]
a+bx X V-a+x3

Program code:

Int[1/ (a_+b_.*x_"2)~(1/3),x_Symbol] :=
3xSqrt [bxx”2] / (2xbxx) *Subst [Int [x/Sqrt[-a+x"3],x],X, (a+bxx*2)~(1/3)] /;
FreeQ[{a,b},x]



Rules for integrands of the form (a+b x”n)"p

8: Jﬁdx
a+bx

Derivation: Integration by substitution and piecewise constant extraction

ice 1 __3vbx 1 1/3 1/3
Basis: o Zb: Subst | — X, (a+bx?)"?] oc (a+bx?)

Basis: 5, £ =0

Rule1.1.3.1.4.1.8:

1 3Vbx? 1 v 1/3
.J-Wdlx — o Subst[j—dlx, x, (a+bx?) ]
a+bx V_a+x®

Program code:

Int[1/ (a_+b_.*x_"2)"(2/3),x_Symbol] :=
3xSqrt [bxx”"2]/ (2xbxx) *Subst [Int [1/Sqrt[-a+Xx"*3],X],X, (a+bxx~2)~(1/3)] /;
FreeQ[{a,b},x]
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Rules for integrands of the form (a+b x”n)"p

9: Jﬁdx
a+bx

Derivation: Piecewise constant extraction

) X3 (1+%)3/'4
Basis: Oy ——¢ 5 ==
(a+bx*)™
Rule 1.1.3.1.4.1.9:

1

1 X3 (1+ :7)3/4
—dx —
(a+bx“)3/4 (a+bx“)3/4 x3 (1+

Program code:

Int[1/ (a_+b_.*x_"4)~(3/4),x_Symbol] :=
X"3% (1+a/ (bxx"4) )~ (3/4) / (a+bxx*4)~ (3/4) *Int[1/ (x*3% (1+a/ (bxx"4) )~ (3/4)),x] /;
FreeQ[{a,b},x]

a

b x*

) 3/4

dx
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Rules for integrands of the form (a+b x”n)"p

10: —————l————-dx
J-(a+bx2)1/6

Derivation: Binomial recurrence 2b

Rule1.1.3.1.4.1.10:

1 3x a 1
Ja——————————'dx — - _~J~ dx
(a+bx2)1/6 2(a+bx2)1/6 2 (a+bx2)7/6

Program code:

Int[1/ (a_+b_.*x_"2)~(1/6),x_Symbol] :=
3xx/ (2% (a+b*x~2)~ (1/6)) - a/2xInt[1/ (a+bxx"2)~(7/6),x] /;
FreeQ[{a,b},x]

1
1M: | ————dx
J(a+bx3)1/3

Rule1.1.3.1.4.1.11:

2bY/3x
+

arbx3) />
1 ArcTan[—%]—] Log[(a+bx3)1/3—b1’3 x]
3\1/3 dx — - 1/3
(a+bx?) 3 pi/3 2b

Program code:

Int[1/ (a_+b_.*x_"3)~(1/3),x_Symbol] :=
ArcTan[ (1+2xRt[b,3] *x/ (a+b*x*3)"(1/3)) /Sqrt[3]]/ (Sqrt[3]*Rt[b,3]) - Log[ (a+bxx”*3)~(1/3)-Rt[b,3]*x]/ (2%Rt[b,3]) /;
FreeQ[{a,b},x]
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Rules for integrands of the form (a+b x”n)"p

12. J(a +bx")?Pdx when nez*A -1<p<@ A p# —% A Denominator [p + %] < Denominator [p]

1: J(a+bx")"d1x whennez*A -1<p<0@ A p;e—% A p+%ez

Derivation: Integration by substitution

X

Basis: If nez* A p+ L ez, ,then (a+bx")P == apﬁSubst{% X, X } Ox
n

(1-bxm Pt (a+bx") /"

Rule1.1.3.141.12.1:1f neZ* A -1<p<@ Ap# -3 APp+ = €Zthen

(a+bx")Pdx — ap"%Subst[ ;cﬂx, X, ;]
(1-bxn)Pit (a+bx)™"

Program code:

Int[ (a_+b_.*x_"n_)”p_,x_Symbol] :=
a” (p+1/n) *Subst [Int[1/ (1-bxx"n) " (p+1/n+1) ,x],X,X/ (a+bxx*n)~(1/n)] /;
FreeQ[{a,b},x] && IGtQ[n,0] && LtQ[-1,p,0] &% NeQ[p,-1/2] && IntegerQ[p+1/n]

2: j(a +bx")Pdx whennez* A -1<p<@ A p# -% A Denominator [p + %] < Denominator[p]

Derivation: Piecewise constant extraction and integration by substitution

Basis: @X(( a )'[’ﬁ (a+bx”)p*i) -0

a+b x"

Basis: If n € z, then 1 o= Subst{%, X, — T 1/4 Ox »
($>p+; <a+b Xn>; (1—b Xn)p+n—+1 (a+bX )

Rule1.1.3.1.4.1.12.2:ff nez* A -1 <p <@ A p # - > A Denominator|p + X | < Denominator [p],then

2

(a+b xn)1/n

(a+b x)1/n
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Rules for integrands of the form (a+b x”n)"p

1- bx")‘”%+1

Program code:

Int[ (a_+b_.*x_"n_)"p_,x_Symbol] :=
(a/ (a+b*xx”n) )~ (p+1/n) = (a+bxx~n) A (p+1/n) *Subst [Int[1/ (1-bxx"*n)* (p+1/n+1) ,Xx],X,X/ (a+bxx*n)~(1/n)] /;
FreeQ[{a,b},x] && IGtQ[n,0] & LtQ[-1,p,0] && NeQ[p,-1/2] && LtQ[Denominator[p+1/n],Denominator [p] ]

2: j(a+bx")pdx when nez-

Derivation: Integration by substitution
Basis: If n € Z,then Fx) = -subst [FX7L, x, 2] 5,2

Rule1.1.3.1.4.2:If n € Z", then

(a+bx‘")p 1

J(a+bx")pdlx — —Subst[J\—2 dx, X, —]
X

X

Program code:

Int[ (a_+b_.*x_"n_)"p_,x_Symbol] :=
-Subst [Int[ (a+b*x”(-n) )~ p/x*2,x],x,1/x] /;
FreeQ[{a,b,p},x] && ILtQ[n,0]
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Rules for integrands of the form (a+b x”n)"p

5: J(a+bx")pdx when neF

Derivation: Integration by substitution
Basis: If k Z*,then Fxn = k Subst [x** F[x"], x, x*/¥] g, x*/k
Rule 1.1.3.1.5:If n € F, letk - Denominator [n], then

J(a +bx")Pdx — kSubst[Jx"‘1 (a+bx")Pax, x, xl/k]

Program code:

Int[ (a_+b_.*x_"n_)"p_,x_Symbol] :=
With[{k=Denominator[n]},
k*Subst[Int[x"(k—l)*(a+b*x"(k*n))"p,x],x,x"(l/k)]] /3

FreeQ[{a,b,p},x] && FractionQ[n]

6: ~J-(a+bx")”<:]1x when p € Z*

Derivation: Algebraic expansion
Rule 1.1.3.1.6: If p € Z*, then

J(a +bx")Pdx — JExpandIntegrand[ (a+bx")P, x] dx

Program code:

Int[(a_+b_.*x_"n_)”"p_,x_Symbol] :=
Int [ExpandIntegrand[ (a+bxx"n)"p,x],x] /;
FreeQ[{a,b,n},x] && IGtQ[p,0]
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Rules for integrands of the form (a+b x”n)"p

H. J(a+bx“)pdx whenp ¢ Zz* A i;t_z A %+pe2'

1: J(a+bx")pdx when p ¢ Z* A %ez A %+p¢.Z‘A (pez™ VvV a>0)

Note:lf t =r+1 A re Z, then Hypergeometric2F1[r, s, t, z] == Hypergeometric2Fl[s, r, t, z] Al€ elementary or undefined.

Rule1.13.1.7.1:f p¢Z' A ¢ Z A -+p¢Z A (peZ V a>0),then
J(a+bx")"dlx — aprypergeometr‘iczFl[—p, l, l+1, _bx"]
n n a

Program code:

Int[ (a_+b_.*x_"n_)"p_,x_Symbol] :=
a”pxxxHypergeometric2F1[-p,1/n,1/n+1,-bxx*n/a] /;

FreeQ[{a,b,n,p},x] & Not[IGtQ[p,@]] && Not[IntegerQ[1/n]] && Not[ILtQ[Simplify[1/n+p],0]] &&
(IntegerQ[p] || GtQ[a,0])
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Rules for integrands of the form (a+b x”n)"p

x: [(a+bx")Pdx whenp¢z*A ¢z A Lsp¢z A - (pez VvV a>0)
n n

Note:lf r=1 A (seZ V t €Z),then nypergeometricaFi[r, s, t, z] = Hypergeometric2Fi[s, r, t, z] are undefined or can be
expressed in elementary form.

Note: Mathematica has a hard time simplifying the derivative of the following antiderivative to the integrand, so the
following, more complicated, but easily differentiated, rule is used instead.

Rule1.13.17x:fpez'A ~¢Z A L+peZ A - (peZ Va>0),then

x (a+ bx")p+1

. 1 1 b x"
Hypergeometr‘1c2F1[1, —+p+1, —+1, - ]
a n n a

j(a+bx")pdx —

Program code:

(» Int[(a_+b_.*x_"n_)"p_,x_Symbol] :=
X (a+b%xx”n) ~ (p+1) /axHypergeometric2F1[1,1/n+p+1,1/n+1,-bxx*n/a] /;

FreeQ[{a,b,n,p},x] & Not[IGtQ[p,@]] && Not[IntegerQ[1/n]] && Not[ILtQ[Simplify[1/n+p],0]] &&
Not[IntegerQ[p] || GtQ[a,0]] =)
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Rules for integrands of the form (a+b x”n)"p

2: J(a+bx")"dlx when p ¢ Z* A iez A %+p$Z'/\ -(pez” V a>0)
Derivation: Piecewise constant extraction

Basis: Oy {2:bX12 - g

182]

Rule1.1.3.1.7.2:1f p¢ Z' N ¢ Z A -+p¢Z A - (peZ Va>0),then

aIntPart(p] (a +b x") FracPart[p] bx"\P
(a+bx")Pdx — 1+ dx
(1 b x" ) FracPart[p]

s 2

a

Program code:

Int[ (a_+b_.*x_"n_)"p_,x_Symbol] :=

a*IntPart[p]* (a+bxx”*n) ~*FracPart[p]/ (1+bxx~n/a)*FracPart[p]*Int[ (1+bxx~n/a)"p,x] /;
FreeQ[{a,b,n,p},x] && Not[IGtQ[p,0]] && Not[IntegerQ[1l/n]] &&

Not [ILtQ[Simplify[1/n+p],0]] && Not[IntegerQ[p] || GtQ[a,0]]
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Rules for integrands of the form (a+b x”n)"p

S: J(a+bv")pdx when v == c +d x

Derivation: Integration by substitution

Rule1.1.3.1.S: If v = ¢ + d X, then

J-(a+bv")"dlx — %Subst[j(a+bx")pdx, X, v]

Program code:

Int[(a_.+b_.*v_“n_)”~p_,x_Symbol] :=
1/Coe-F'Ficient[v,x,l]*Subst [Int[ (a+bxx”n)*p,x],x,V] /;
FreeQ[{a,b,n,p},x] && LinearQ[v,x] && NeQ[Vv,Xx]
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Rules for integrands of the form (a+b x”n)"p

Rules for integrands of the form (a; + by x")P (a, + by, x")?

tif@1+MXﬂp@2+MXﬂdeWMnaﬂh+mb2=0A(pezv (a1>0 A a,>0))

Derivation: Algebraic simplification
Basis:If a, b1 +ai1by =0 A (peZ VvV (a1 >0 A ap >0)),then (a;+b;x")? (a; + b, x")"
Rule:lf ab; +a1 b, =@ A (pez V (a; >0 A a, >0)),then

J.(al*-blxn)p (az+b2Xn)pd1X - j(al a; + by bzxzn)pdlx

Program code:

Int[(al_.+bl_.*x_"~n_)"p_.*(a2_.+b2_.xx_"n_)" p_.,x_Symbol] :=
Int[ (alxa2+blxb2xx” (2xn) ) p,x] /;
FreeQ[{al,bl,a2,b2,n,p},x] &% EqQ[a2xbl+alxb2,0] &% (IntegerQ[p] || GtQ[al,0] && GtQ[a2,0])

(al dx + b1 bz in)p
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Rules for integrands of the form (a+b x”n)"p

2. J‘(a1+b1x“)'[J (a2 +byx")Pdx when a; by +a; b, =0 A p¢z

1: J(a1+b1x")p (a2 +byx")Pdx when ab; +a; b, =@ A p¢Z ANEZ*Ap>0

Reference: G&R 2.110.1, CRC 88b
Derivation: Binomial recurrence 1b
Derivation: Inverted integration by parts
Note:lf ne Z* A p >0,thennp +1 + @.

Rule1.1.3.1.4.1.1.2:1f n€ Z* A p > 0, then

x (a+bx")? anp

J(a+bx")pdx — + j(a+bx")p'1d1x

np+1 np+1

Program code:

Int[(al_+bl_.xx_"n_.)"p_.*(a2_+b2_.xx_"n_.)"p_.,x_Symbol] :=
X* (al+blxx”~n) *p* (a2+b2xx”*n) *p/ (2xnxp+1) +
2xalxa2xnxp/ (2xnxp+1) *Int [ (al+blxx”n)” (p-1) » (a2+b2xx”n) ~ (p-1) ,x] /;
FreeQ[{al,bl,a2,b2},x] && EqQ[a2xbl+alxb2,0] & IGtQ[2xn,0] & GtQ[p,0] && (IntegerQ[2p] || Denominator [p+1/n]<Denominator[p])
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Rules for integrands of the form (a+b x”n)"p

2: J(a1+b1x")p (a2 + by x")P dx when a;b; +a1b, =@ A p¢Z Anez* A p<-1

Reference: G&R 2.110.2, CRC 88d
Derivation: Binomial recurrence 2b

Derivation: Integration by parts

Basis: (a + b x")P == x" (P+1)+1 (azbx)P

Xn(p+1)+1
‘e. [((axbxMP o (a+b x")P*?
Basis: J A dx = - AR ol
Rule 1.1.3.1.4.1.2:1f n€ Zz* A p < -1, then
x (a+bxn)Pt 1) +1
J(a+bx")pdlx—>— ( . ) +n(p+ ) * J(a+bx")p+ldx
an(p+1) an(p+1)

Program code:

Int[(al_+bl_.#x_“n_.)"p_=(a2_+b2_.%x_"n_.)"p_,x_Symbol] :=
-X* (al+blxx”n) ~ (p+1) * (a2+b2xx”n) ~ (p+1) / (2*xalxa2xnx (p+1l)) +
(2%xn* (p+1) +1) / (2*xalxa2xnx (p+1) ) *Int[ (al+blxx”n) ~ (p+1) * (a2+b2xx*n) ~ (p+1) ,x] /;
FreeQ[{al,bl,a2,b2},x] &% EqQ[a2xbl+alxb2,0] && IGtQ[2xn,0] &&% LtQ[p,-1] && (Integer‘Q[z*p] | | Denominator[p+1/n] <Denominator[p])

3: J(a1+b1x")p (a2 + by x")P dx when a;b; +a; b, =@ A p¢Z A nez"

Derivation: Integration by substitution
Basis: If n € z, then Fx"] = -Subst[ﬂ;iL, x, 1] o,

Rule1.1.3.1.4.2:If n € Z, then
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Rules for integrands of the form (a+b x”n)"p

(a +bx‘")p

1
J(a+bx")pd1x — —Subst[J‘—z dx, X, —]
X

X

Program code:
Int[(al_+bl_.xx_"n_)~p_*(a2_+b2_.xx_"n_)"p_,x_Symbol] :=

-Subst[Int[ (al+blxx” (-n) ) p* (a2+b2xx” (-n) ) p/x"2,x],x,1/x] /;
FreeQ[{al,bl,a2,b2,p},x] & & EqQ[a2xbl+alxb2,0] && ILtQ[2xn,0]

4: j(a1+b1x")p (a2 +byx")Pdx when ayb; +a;b, =@ A p¢Z A NEF

Derivation: Integration by substitution
Basis: If k € Z",then Fixn = k Subst [x*-2 F[x"], x, x*/k] g,x*/k

Rule1.1.3.1.5:f n¢ Z A n e F,letk = Denominator [n], then

J(a +bx")Pdx — kSubst[J‘x"‘1 (a+bx*")Pax, x, xl/k]

Program code:

Int[(al_+bl_.xx_“n_)~p_x(a2_+b2_.xx_“~n_)"~p_,x_Symbol] :=
With[{k=Denominator[2xn]},
kxSubst [Int [x” (k-1) * (al+blx” (k#n) ) "px (a2+b2xx" (kxn) ) ~p,x],X, X" (1/k) 1] /3
FreeQ[{al,bl,a2,b2,p},x] && EqQ[a2xbl+alxb2,0] && FractionQ[2xn]
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Rules for integrands of the form (a+b x”n)"p

5: J(a1+b1x")p (a2 + by x")P dx when a;b; +a1 b, =0 A p¢z

Derivation: Piecewise constant extraction

. p nyp
Basis: If a, bl + a1 b2 _— e’ then ax (a;+by x™) (az+b2); )P 0
(a1 a2+by by X21)

Rule:If a; by +a1 by ==0 A p ¢ Z,then

(31 +by Xn) FracPart[p] (a, + by X) FracPart[p]

J‘(al+b1x")'J (a2 + by x")Pdx — (a1 @, + by by x*")P dx

FracP.
(a1 a; + b1 bz X2) racPart[p]

Program code:

Int[(al_.+bl_.*x_"n_)"p_=(a2_.+b2_.*x_"n_)"p_,x_Symbol] :=
(al+blxx”n) ~"FracPart[p]* (a2+b2xx”n) ~*FracPart[p]/ (alxa2+blxb2xx”" (2xn) ) ~FracPart[p]*Int[ (al*a2+blxb2xx”" (2xn))"p,x] /;
FreeQ[{al,bl,a2,b2,n,p},x] & EqQ[a2xbl+alxb2,0] && Not[IntegerQ[p]]

Rules for integrands of the form (a +b (c x9)™")P

1: j(a+b (cx9)")Pdx whennqez

Derivation: Piecewise constant extraction and integration by substitution

Basis: 9, —4x1™ __ __ g

((cxayray™t =

Basis: LNl sypst EIXL " x, (ex®)1/a| o, (cx%)1/a
X X

Rule: If nqg € z, then
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Rules for integrands of the form (a+b x”n)"p

X J-(cx“)l/q (a+b ((cx¥)¥9)"9)P

a+b (cx?)")Pa d
J(+ (cx%)")Pax — S - x
— W Subst[f(a +bx"9)Pdx, x, (c xq)”q]
Program code:
Int[(a_+b_.*(c_.*x_"q_.)"n_)"p_.,x_Symbol] :=
X/ (c*x”q)~(1/q) *Subst [Int[ (a+b*x” (nxq) ) *p,X],X, (c*x*q)*(1/q)] /;
FreeQ[{a,b,c,n,p,q},x] & IntegerQ[nxq] && NeQ[x, (c*x"q)”"(1/q)]
2: j(a+ b (cx9)")?dx whenneF
Derivation: Integration by substitution
Rule 1.1.3.2.5.4.3:If n € F, then
(qu)l/k

n n n k
J(a+b (ex?)")Pax — Subst[J(a+bc x"9)Pax, Xk, " (X1/k)q‘1

Program code:

Int[(a_+b_.*(c_.*x_"q_.)"n_)"p_.,x_Symbol] :=

With[{k=Denominator[n]},

Subst [Int[ (a+bxc”nxx” (nxq) ) *p,x] , X" (1/k), (c*x”*q)~ (1/k) / (c™(1/k) * (x*(1/k) )" (g-1))] ] /3
FreeQ[{a,b,c,p,q},x] & & FractionQ[n]

]
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Rules for integrands of the form (a+b x”n)"p

3: j(a+b (cx“)")pdlx when n ¢ R

Derivation: Integration by substitution
Basis: F[ (c x9)"] == Subst [F [c"x"9], x"9, xc_xq)_}

cn

Rule: If n ¢ R, then

j(a+b (ex9)")Pax — Subst[j(a+bc“ x"9)Pax, x"9,

Program code:

Int[(a_+b_.x(c_.*x_"*q_.)"n_)"p_.,x_Symbol] :=
Subst [Int[ (a+bxc” nxx” (nxq) ) *p,Xx], X" (n*q) , (cxx”*q)*n/c*n] /;
FreeQ[{a,b,c,n,p,q},x] && Not[RationalQ[n]]
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Rules for integrands of the form (a+b x”n)"p

2 f(a+bv")pdx whenv=dx% A qez"-

Derivation: Integration by substitution
Basis: If q  z,then F [x9] == -Subst | F25*, x,

Rule1.1.3.1.5.2.2:If v==d x9 A q € Z", then

J(a+bv")pd1x —

Program code:

Int[(a_+b_.»(d_.*x_"*q_.)"n_)"p_.,x_Symbol] :=
-Subst [Int[ (a+bx (dxx”(-q))”n)*p/x"2,x],x,1/x] /;
FreeQ[{a,b,d,n,p},x] & ILtQ[q,0]

60



Rules for integrands of the form (a+b x”n)"p

2: J(a+bv")pdx whenv=dx% A qeF

Derivation: Integration by substitution
Basis: If s € z*,then F [xl/s} == s Subst {xs*l FIx], X, xl/s} Oy X1/$
Rule1.1.3.1.5.2.2:1f v == d x9 A g € F, lets - Denominator[q], then

j(a+bv“)pdx - J(a+bv")pdx - j(aw (d (x%)9%)") P ax — sSubst[jxs‘l (a+b (dx7%)")Pax, x, x*]

Program code:

Int[(a_+b_.»(d_.*x_"*q_.)"n_)”p_.,x_Symbol] :=
With[{s=Denominator[q]},
s*Subst [Int [x” (s-1) # (a+bx (d+X” (q*s))~n) "p,X],X,x*(1/s)1] /;
FreeQ[{a,b,d,n,p},x] & FractionQ[q]

X: j(a+bv")pdlx whenv=dx% A nq¢z

Derivation: Integration by substitution
Rule 1.1.3.1.5.2.3:If v==d x9 A nq ¢ Z, then

j(a + bv“)p dx — Subst[j(a + bx"q)pdlx, x"9, Vn]

Program code:

(* Int[(a_+b_.*(d_.*x_"q_.)"n_)"p_.,x_Symbol] :=
Subst [Int[ (a+bxx” (nxq))*p,X], X" (n*q) , (dxx*q)*n] /;
FreeQ[{a,b,d,n,p,q},x] &% Not[IntegerQ[nxq]] && NeQ[X”(nxq), (d*x"q)”~n] =*)
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Rules for integrands of the form (a+b x”n)"p
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